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The phenomenon of Coulomb explosion is studied through qualitative numerical simulations of clusters
irradiated with intense ultrashort laser pulses. We introduce a semiquantum approach which allows us to model
two different types of materials—akin to rare gases and dielectrics—and which is appropriate for both low- and
high-energy domains, i.e., the thermodynamic regime and the Coulomb explosion regime. Through a detailed
study of clusters submitted to laser pulses of various intensities, we demonstrate that Coulomb explosion is the
process responsible for cluster explosion under femtosecond laser pulses. We examine the differences in the
dynamics of explosion of rare-gas clusters as a function of the wavelength of the incident laser radiation. For
dielectric clusters, our simulations reveal a fragmented explosion mechanism; the influence of the size of the
cluster is also studied.
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I. INTRODUCTION

During the last decade, the concept of Coulomb explosion
has emerged as a fundamental phenomenon underlying the
dynamics of condensed matter irradiated by very intense
and very short laser pulses. Since the introduction of the
theoretical foundations �1�, extensive work has been carried
out, both experimentally �2–4� and theoretically �5�, to un-
derstand the mechanisms leading to Coulomb explosion.

The recent advent of femtosecond lasers has made it pos-
sible to ionize matter extremely quickly, i.e., on time scales
for which the nuclei stay fixed; the resulting positive space
charge has been assumed to play an important role in various
physical processes, such as rare-gas cluster explosion, laser
ablation, and nanoparticle fragmentation. It has been demon-
strated �2,3� that the ions emitted by the explosion of rare-
gas clusters present a strong degree of correlation between
charge and energy, suggesting that the mechanism is of elec-
trostatic origin and invalidating previous analysis based on
hydrodynamic models. A similar charge-energy correlation
has been reported in the case of ions expelled from surfaces
by laser ablation �6�. Last, Coulomb repulsion has been as-
sumed to play a key role in the nonthermal fragmentation of
metallic nanoparticles �7�.

Most theoretical investigations of Coulomb explosion
have dealt with rare-gas clusters exposed to infrared laser
pulses. Recent papers, corroborating experimental results,
have focused on an exhaustive description of the explosion
dynamics, including electron heating processes �8,9�, plasma
�8,10�, and ionization �11–14� mechanisms, and nuclei accel-
eration �15–17�. However, most of these studies have been
carried out within the framework of classical models, using

particle-in-cell �18,19� or molecular dynamics computer
simulation codes. These approaches have brought several im-
portant insights into the physics of the problem. Yet, consid-
ering the electrons as point particles poses the problem of the
electronic screening of the nuclei repulsion, and thus of
the stability of the low-energy states. The recent works
of Rusek et al. �20� and Fennel et al. �21� must be mentioned
as first attempts to solve this problem by using a Thomas-
Fermi electron-gas model and a Thomas-Fermi-Vlasov
method, respectively.

In the present work, we introduce a simple, yet powerful,
semiquantum model based on the Madelung hydrodynamic
formulation of quantum mechanics, which turns out to
present some similarities with the model of Rusek et al. In
essence, the model consists in representing the electron den-
sity of probability “fluid,” ����r� ,r�2 , . . . ,r�n��2dr�2¯dr�n, where
��r�1 ,r�2 , . . . ,r�n� is the wave function of the n-electron sys-
tem, by an ensemble of pseudoparticles, thus establishing the
parallel with macroscopic fluids. Our model intrinsically
takes into account the quantum nature of matter, thus allow-
ing a proper description of the behavior of the systems at
both low energies �thermodynamical regime� and high ener-
gies �Coulomb explosion regime�.

We use this approach to study two-dimensional models
for rare-gas-like clusters �containing 73 atoms� irradiated by
sub- and above-band-gap laser pulses �i.e., long- and short-
wavelength pulses relative to the material absorption thresh-
old�, as well as dielectriclike clusters �73 and 685 atoms�
under sub-band-gap laser pulses, in both cases at various
intensities; the meaning of “rare-gas” and “dielectric” in the
present context is explained below. Our method provides a
complete description of rare-gas clusters under sub-band-gap
pulses, i.e., in the multiphoton absorption regime, and thus
confirms the predominance of Coulomb explosion in the ex-
plosion dynamics in this case. For above-band-gap pulses,
our results extend those of Rusek et al., and reveal a cross-
over from hydrodynamic expansion to Coulomb explosion in
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the cluster dynamics. Last, we study dielectric clusters and
the influence of size on the explosion mechanism, and dem-
onstrate that Coulomb explosion is the dominant mechanism
in this case too; our results reproduce the observed nonther-
mal fragmentation of nanoparticles. We begin with a brief
description of the model.

II. METHODOLOGY

A. Quantum fluid dynamics equations

As noted earlier, most studies of Coulomb explosion have
been carried out using essentially classical models. Since the
very first simulations of clusters �22�, several improvements
have been proposed to take into account the fundamentally
quantum character of matter �i.e., tunnel effect, molecular
binding, etc.�. As an example, one can mention the
Ammosov-Delone-Krainov equations �23� for the tunnel ion-
ization of electrons. However, in all of these approaches, the
electrons are treated as point particles, thus making it impos-
sible to explicitly take into account the molecular binding
between the atoms. In fact, the inherent instability of
charged-particle systems forbids any regime other than Cou-
lomb explosion to be studied, i.e., the Coulomb explosion is,
in some sense, built into the models. As explained in detail
below, the present model resolves this problem by regarding
the electrons as delocalized particles, in contrast to the point-
particle approach of the usual classical models. It is based on
the Madelung formulation of the Schrödinger equation, also
called quantum fluid dynamics �QFD�. �See Ghosh et al. �24�
for an exhaustive review.� Our model thus allows the simul-
taneous study of both thermal and Coulomb explosion re-
gimes which, as we will demonstrate, is a definite advantage.

The Madelung equations are obtained by a transformation
of the Schrödinger equation into a continuity equation and an
Euler-type equation of motion. Writing the time-dependent
wave function ��r�1 ,r�2 , . . . ,r�n , t� of an n-electron system sub-
ject to a potential V�r�1 ,r�2 , . . . ,r�n , t�—basically the potential
of the ions plus the electronic repulsions—as

��r�1,r�2, . . . ,r�n,t� = R�r�1,r�2, . . . ,r�n,t�eiS�r�1,r�2,. . .,r�n,t�/�, �1�

the time evolution of R and S is given by

��

�t
+ �� · ��v�� = 0 �2a�

and

me�� �v�

�t
+ �v� · �� �v�� = − ��� �V + Vqu� , �2b�

where me is the mass of the electron, with

� = R2, �3a�

v� = �� S/me, �3b�

Vqu = −
�2

2me

�� 2R

R
. �3c�

One can immediately see the similarity of the time evolu-
tion equations for the electron density probability fluid with
those for a classical macroscopic fluid. The main difference
lies in the additional purely quantum potential Vqu. Because
they are expressed in terms of two real numbers—the density
of the fluid � and its velocity v�—the QFD formulation of
quantum mechanics is more intuitive than the Schrödinger
formulation, expressed in terms of a complex probability am-
plitude.

In order to exploit the QFD equations, it is necessary to
project them from the multi-dimensional space onto real
space, since � and v� are functions of the n position variables
r�1 ,r�2 , . . . ,r�n. To this effect, we introduce the two projected
quantities

�0�r�,t� =	 ��r�,r�2, . . . ,r�n,t�dr�2 ¯ dr�n �4�

and

v�0�r�,t� =
	 ��r�,r�2, . . . ,r�n,t�v�1�r�,r�2, . . . ,r�n,t�dr�2 ¯ dr�n

	 ��r�,r�2, . . . ,r�n,t�dr�2 ¯ dr�n

.

�5�

Note that v� = �v�1 ,v�2 , . . . ,v�n� in Eq. �3b�. Upon integrating
Eqs. �2a� and �2b� over the n−1 variables r�2 , . . . ,r�n, we ob-
tain the equations of motion for �0 and v�0 assuming the

existence of a certain functional F� :

��0

�t
+ �� · ��0v�0� = 0 �6a�

and

me�0� �v�0

�t
+ �v�0 · �� �v�0� = F� ��0,v�0� − �0�� �V0� . �6b�

The functional F� describes the motion of the electron fluid in
absence of the “external” potential V0 �the potential of the
ions�. It is certainly a very complicated object which cannot
be computed in practice; it includes the electronic Coulomb
repulsion and the quantum potential Vqu. To a first approxi-
mation, it is responsible for the spreading of the electron
wave functions. The laser interaction will be taken in account

by simply adding the electric force −�neE� in the right-hand
side of Eq. �6b�.

As a central feature of our model, by analogy with mac-
roscopic fluids, we represent the probability fluid �0 by an
ensemble of pseudoparticles. The density of probability fluid
of the n-electron system is represented by nN point
pseudoparticles �N per electron�, whose mass and charge are
me /N and −e /N, respectively; the electrons are thus delocal-
ized in the present model. From Eq. �6b�, one sees that the
pseudoparticles are subject to external forces, as in the case
of �classical� point electrons. More specifically, the action of
F is introduced via a repulsive force between the pseudopar-
ticles; this force is chosen empirically and consequently can
be adjusted according to the type of material considered
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�here, rare gas or dielectric�, as discussed in detail in the
following section. As usual, the nuclei are also considered as
classical point particles, a reasonable approximation in view
of their large mass compared to that of the electron. Finally,
we assume that each atom possesses a single electron, which
is sufficient for the purpose of the present qualitative study
of Coulomb explosion.

The advantage of this approach is that both the ions and
the electron pseudoparticles can be dealt with using the stan-
dard molecular-dynamics toolbox. One need only define the
three types of interactions involved: ion-ion, ion-
pseudoparticle, and pseudoparticle-pseudoparticle. The first
two are simply Coulombic. However, in order to avoid the
singularity of the Coulomb force, the force is taken propor-
tional to �r / �r+��3�, where �=0.1 Å; note that both interac-
tions are treated in the same manner in order to ensure the
“universality” of the Coulomb potential and avoid unphysi-
cal effects. The interaction between pseudoparticles is cho-
sen empirically, depending on the type of material under con-
sideration, with, however, the following constraints: it must
be Coulombic at long range—since we are dealing with
electrons—and stronger than Coulomb at short distances in
order to prevent the electron pseudoparticles from collapsing
on the nuclei. The potentials used in the present study are
described below.

Other computational details are as follows. The number of
pseudoparticles per electron N is chosen equal to 10; while
not large, this value is sufficient to ensure proper physical
behaviour while allowing relatively large systems to be dealt
with. The equations of motion were integrated using the Ver-
let algorithm with a time step of 10−18 s. A 1 ps run takes
about 2 h for a 73-atom cluster �803 particles in total� on a
good personal computer.

B. Interaction potentials

The pseudoparticle-pseudoparticle interaction can be ad-
justed so as to describe different types of materials. In the
present case, it was chosen to represent two different mate-
rials: the first has properties similar to those of rare gases;
and the second would be typical of a generic solid insulator
which we will simply call “dielectric.” This must of course
be understood very loosely, as our model is meant to be
qualitative rather than quantitative. The following conditions
were imposed in determining the potentials: First, the elec-
tron cloud should have the “correct” size �1–2 Å� and pos-
sess an acceptable distribution around the nuclei; this will be
illustrated below. Second, the interatomic potential should be
Lennard-Jones-like �attractive at long range and repulsive at
short range�, with an equilibrium distance of a few
�3–4� angstroms, and a binding energy of a few hundred
Kelvin for rare-gas atoms or a few thousand Kelvin for di-
electrics. Last, the absorption spectrum should be typical of
the material studied. The expression of the potentials are
given explicitly in the Appendix.

The search for the potentials Ve-e is otherwise intuitive
and empirical. In practice, the potential is first tested on a
simple one-atom system �i.e., the hydrogen atom�. It is veri-
fied that the electron pseudoparticles are correctly localized

around the nucleus. A two-atom system is examined next.
The initial state of the system is as follows. The two nuclei
are fixed at a given distance and the electron pseudoparticles
are relaxed so that the electrons can reach their ground state.
�The system is not globally in its ground state since the nu-
clei are not at the minimum-energy distance.� The nuclei are
then given a small velocity toward one another and released;
they first attract, then repel, and the energy is calculated as a
function of distance. Finally, the potentials are tested on clus-
ters; the ground state is obtained in two steps: first, relaxation
of the pseudoparticles with fixed nuclei, then relaxation of
the whole system.

The interatomic potentials for the two materials consid-
ered here are displayed in Fig. 1. One observes that the po-
tentials are very much Lennard-Jones shaped, with equilib-
rium distances and binding energies typical of rare gases and
dielectrics, respectively. The corresponding 73-atom clusters
are presented in Fig. 2; as expected, the systems possess the
usual triangular structure �modulo the distortions induced by
the surfaces�. One important difference between the two
clusters is already visible: the electron clouds in the rare-gas
cluster are �as they should be� much more localized in the
immediate vicinity of the nuclei than in the dielectric cluster,
suggesting an electronic binding between the nuclei. The
present method thus yields ground-state configurations
which are realistic. In addition, the configurations were
found to be long lived, the clusters exhibiting a realistic ther-
modynamic behaviour over extended periods of time.

We have performed light absorption simulations on the
73-atom clusters in order to confirm the nature of the mate-
rials. To do this, we calculated the energy absorbed by the
clusters for very low intensities and long laser pulses at vari-
ous frequencies. The results are presented in Fig. 3. The two
clusters exhibit a threshold in energy below which light is
not absorbed—as expected much larger in the rare-gas clus-
ter than in the dielectric cluster.

III. RARE-GAS CLUSTERS IRRADIATED
BY SUB-BAND-GAP PHOTONS

A. Results and observations

We have performed a series of calculations at various la-
ser intensities �i.e., various values of the electric field� for the

FIG. 1. Interatomic potentials as a function of distance, for rare-
gas atoms �dotted line� and dielectric atoms �full line�.

COULOMB EXPLOSION INDUCED BY INTENSE¼ PHYSICAL REVIEW A 73, 033203 �2006�

033203-3



rare-gas cluster. The cluster, initially given a temperature of a
few Kelvin, is illuminated with a 100 fs pulse, Gaussian in
time, arriving “from the top” �z direction�. The laser fre-
quency � is set to 1.59�1014 Hz, corresponding to a long-

wavelength photon with energy much lower than the gap.
The laser is circularly polarized; this choice is arbitrary but
will be useful for undertanding the results of the simulations,
as it is consistent with the symmetry of the clusters. The
associated electric field varies from 0 to 4.3�1010 V m−1.
As an indication, the latter value of the electric field would
correspond in the three-dimensional case to an intensity of
5.6�1013 W cm−2. The results of the simulations after 1 ps
are presented in Fig. 4 in terms of energy of the nuclei,
electronic energy, ionization level �i.e., fraction of the elec-
trons ejected�, and external radius of the cluster.

Our simulations reveal, and this is a most notable feature,
a sudden change in the behavior of the cluster at a value of
the electric field E of about 0.5�1010 V m−1. A slight varia-
tion of E dramatically changes the response of the system in
the “critical” zone: as can be seen clearly in Fig. 4�a�, the
mean ion energy increases by many orders of magnitude at
the critical intensity; the ionization process begins �Fig. 4�c��
and the cluster starts expanding �Fig. 4�d��. The transition
between the two regimes is perhaps best appreciated from
the electronic energy, shown in Fig. 4�b�. The critical inten-
sity is the ablation threshold.

Below the critical intensity, the energy transferred from
the laser to the solid is very low, almost unobservable. In-
deed, the electrons are just weakly excited, with no influence
on the nuclei dynamics, and evidently no ionization. The
cluster is “transparent.” Above the critical intensity, the laser
light gives rise to a sufficient density of photons in the clus-
ter to induce multiphoton absorption. �Recall that the photon
energy is much lower than the gap.� This strongly nonlinear
state can be divided into two stages, as we now discuss.

�1� The first stage occurs at relatively low intensities, just
above the ablation threshold. The kinetic energy of the nuclei

FIG. 2. �Color online� Top view of �a� the 73-atom rare-gas
cluster and �b� the 73-atom dielectric cluster in their ground states.
The large dots represent the nuclei and the small dots represent the
electron pseudoparticles. Note that some electron pseudoparticles
are not clearly seen in the figure because they are too close to the
nuclei.

FIG. 3. Absorption spectrum for �a� the 73-atom rare-gas cluster
and �b� the 73-atom dielectric cluster.

FIG. 4. Characteristics of the 73-atom rare-gas cluster irradiated
by a long-wavelength pulse, after 1 ps, as a function of electric field
�i.e., laser intensity�: �a� mean ion energy �dashed line, logarithmic
scale�; �b� mean electron energy, obtained by summing the
pseudoparticle energies �dashed line, logarithmic scale�; �c� ioniza-
tion level, i.e., fraction of the electrons that have been ejected out of
the cluster; �d� external radius, defined as the distance from the
most distant ion to the center of the initial cluster.
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and the ionization level of the cluster increase dramatically
as the laser intensity increases; the cluster eventually ex-
plodes, more violently so at larger intensities, as can be ap-
preciated from the external radius of the cluster, which in-
creases with the intensity. During the laser pulse �100 fs�,
part of the electrons are ejected from the cluster; the remain-
ing electrons are no longer coherent with the �still� well-
organized ground-state structure. Electron pseudoparticles
hop from one ion to another, indicating that the system is in
an excited state. However, the great mobility of the free elec-
trons is such that they reorganize very quickly about the ions
�within a few femtoseconds�; as a result, there is no obvious
local �atomic-scale� irregularity in the electron density once
the pulse has passed. A few tens of femtoseconds after the
beginning of the pulse, the nuclei have acquired a significant
amount of energy and the cluster explodes. The fundamental
mechanism underlying such an increase in ion energy over
such a short period of time �1 ps� is obviously nonthermal.
We will demonstrate in the following section that this phe-
nomenon is the Coulomb explosion.

�2� At higher intensities, for E�3�1010 V m−1, the in-
tensity of the explosion saturates. Indeed, beyond a given
laser intensity, almost all the electrons have been ejected so
that further increasing the intensity does not change the be-
havior of the system.

In order to study the critical zone between nonablation
and ablation regimes in more detail, additional simulations
have been performed using pulse durations of 25, 50, and
200 fs. In fact, because of the strongly nonlinear sensitivity
of the system to the applied field, the pulse duration is an
appropriate parameter for tuning the energy transmitted to
the cluster and for studying the critical regime.

The critical intensity �or ablation threshold� is essentially
independent of the pulse duration because it depends on the
photon energy and on the energy gap. However, the critical
zone, i.e., the zone over which a partial explosion takes place
�see below�, does depend on the pulse duration, and spreads
over an increasing range of intensities as the pulse duration
decreases. This is clearly demonstrated in Fig. 5, where the
ion energy distribution as a function of intensity for different
pulse durations is displayed.

In the critical zone, the explosion is partial: the external
layers of the cluster are ejected but the core remains more or
less bound, then evolves thermally. The transition between
the two regimes discussed above is continuous, and results in
the splitting �indicated by the black diagonal line� of the
distribution in terms of high-energy ions �outer shells� and
low-energy ions �core�. As the intensity increases, the popu-
lation of high-energy ions increases and that of low-energy
ions decreases, until the explosion is total. These observa-
tions will be further discussed in the following sections.

B. Coulomb explosion

In order to ensure that the ejection process is indeed due
to a Coulomb explosion, and not the consequence of a hy-
drodynamic process, we plot in Fig. 6 the relation between

the mean ion energy Ē and the mean ion charge Q̄, both
taken at the end of the simulation �i.e., after 1 ps�. Ishikawa

et al. �16� have proposed a method to distinguish the Cou-
lomb explosion regime from the hydrodynamic expansion
regime which we briefly summarize here.

In a Coulomb explosion, the electrostatic potential energy
of the charged ions is converted into kinetic energy. Since the
potential energy has a quadratic dependence on the charge of

the ions, the mean ion energy Ē should be proportional to the

square of the mean charge Q̄. The data of Fig. 6 indicate that
this is indeed the case, within statistical uncertainty, for high
ionization levels. In the hydrodynamic regime, now, the en-
ergy transferred to the ions is the thermal energy of the hot

electrons, which is proportional to 3
2kbQ̄Te �kb is the Boltz-

mann constant� �1�. Assuming that the electronic temperature

Te does not depend much on Q̄, the hydrodynamic regime

should exhibit a linear energy-charge relation. However, Q̄
and Te both depend on the laser intensity; Te therefore de-

pends on Q̄ implicitly and the energy-charge relation may

FIG. 5. �Color online� Ion energy distribution after 1 ps for
different pulse durations �200, 100, 50, 25 fs�. The critical regime is
outlined by the two vertical lines. The diagonal line separates
high- and low-energy atoms, thus marking the Coulomb explosion;
H=hydrodynamics; C=Coulomb explosion; PC=partial Coulomb
explosion.

FIG. 6. Mean energy of the ions as a function of the mean
charge, for different pulse durations. The laser intensity is an im-
plicit parameter.
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not be that simple. Nevertheless, it appears to be roughly
linear, as indicated in Fig. 6. In any case, a crossover from
the high-energy Coulomb explosion regime to a low-energy

regime is clearly visible at Q̄
0.05–0.1; the latter, as will
be demonstrated below, is the hydrodynamic regime.

Only the Coulomb explosion regime leads to significant
ion energies, and therefore this is obviously the mechanism
responsible for the disintegration of the cluster. This can
be further established by examining the correlation between
the ion energies and the charges for three different categories
of atoms: inner, middle, and outer subshells; this is done in
Fig. 7. We find a roughly linear relationship for each group.
The origin of this relationship is not clear, but the fact that
the ions with a larger charge are more energetic is the unam-
biguous signature of an electrostatic process, i.e., Coulomb
explosion.

C. Hydrodynamic expansion

The low-energy regime, which corresponds to low ioniza-
tion levels, is governed by the electronic temperature. In-
deed, for a given mean charge, we observe that the energy of
a cluster exposed to a 100 fs laser pulse is higher than that of
a cluster exposed to a 25 fs laser pulse. Now, at the same
time, the electronic temperature is also higher for longer
pulses, as demonstrated in Fig. 8. This correlation clearly
indicates that the low-energy regime, which is dominated by
electronic excitations, is the hydrodynamic regime, as men-
tioned above. In this regime, clusters expand as a result of
the electronic pressure, which itself increases with electronic
temperature.

Thus, as shown in Fig. 8, electron heating is more effi-
cient with a long pulse at smaller intensity than with a
shorter pulse at higher intensity and, as a consequence, a
shorter pulse has to be more intense to yield the same num-
ber of ejected electrons. This can be explained as follows.
Electron heating is caused by inverse bremsstrahlung, i.e.,
the collisions of the electron gas with the electrostatic field
of the ions. The collisions occur at two levels: microscopic,
where the electrons are scattered by individual ions �15�, and

macroscopic, where they are collectively scattered by all of
the ions �14�. Thus, it is the duration of the pulse which
determines the electron heating rather than the laser inten-
sity: the number of oscillations of the electron gas is more
relevant than the amplitude of these oscillations.

Figure 8 shows that the ionization process does not de-
pend on the electronic temperature: different values of Te can
indeed lead to the same ionization level using, e.g., different
pulse durations. The process which leads to the ejection of
electrons is field ionization, not electron heating. Indeed, the
flux of outgoing electrons is directly linked to the intensity of
the laser, as demonstrated in Fig. 9.

These processes—electronic heating and field
ionization—are different in the case of above-band-gap
pulses, and will be reexamined in Sec. IV. Our results are
fully consistent with previous studies �9,15�, which drew the
same conclusions about the ionization processes.

D. Partial Coulomb explosion

The splitting of the ion energy distribution observed in
Fig. 5 is, as already discussed, a consequence of the partial
Coulomb explosion, and is directly related to the nonuniform
distribution of electrons in the cluster. Indeed, we observe
the electron density to be higher in the core than in the outer

FIG. 7. Energy of the ions as a function of charge state, for ions
belonging to three different portions of the cluster �inner, middle,
and outer subshell�, at the end of the simulation, for an electric field
of 0.8�1010 V m−1 and a pulse duration of 100 fs.

FIG. 8. Electronic temperature as a function of mean charge for
100 and 25 fs pulses.

FIG. 9. Flux of ejected electrons as a function of time for a
100 fs pulse and an electric field of 0.91�1010 V m−1.
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shells. This observation does not agree with the results of
Rusek et al. �15�, although it is rather intuitive: Consider the
electrostatic potential induced by the nuclei; the latter is
higher in the core region. Thus, even if the electrons in the
core may detach more easily from their nuclei, as discussed
in Ref. �11�, the electron density will tend to be larger than in
the outer shells, and the ions will be less ionized. This is
verified in Fig. 10, where we plot the charge of the atoms as
a function of their initial distance from the center of the
cluster, after 1 ps and for E=0.91�1010 V m−1.

The positive space charge, therefore, increases toward the
outer layers of the cluster. The outer ions thus feel a signifi-
cant electric field and, at the same time, they possess a large
positive charge. In contrast, the atoms located near the center
of the cluster are weakly charged and are subject to a weak
electric field. For a certain degree of ionization, the electron
screening can thus be sufficient to cancel the repulsive force
in the core of the cluster but not in the outer shells. As a
result, the inner atoms may remain bound, leading to a par-
tial dissociation of the cluster. As the intensity of the pulse
increases, more electrons are ejected and the remaining clus-
ter becomes smaller and smaller, until the explosion is total.

In the previous section, we have shown that, at constant
ionization level, a longer pulse yields a higher electronic
temperature than a shorter pulse. The clusters, which only
partially explode for short pulses, therefore totally decom-
pose for long pulses: the high temperature of the electron gas
causes the ions to heat and, eventually, the cluster to disso-
ciate totally via hydrodynamic expansion, although the en-
ergy this process delivers is negligible compared to that re-
leased through Coulomb explosion. For short pulses, a
partial explosion occurs because a great quantity of electrons
is ejected, such that the electron screening no longer can
ensure the global cohesion of the solid; at the same time, the
electrons are not heated much, preventing that part of the
cluster which has not been ejected to undergo hydrodynamic
expansion.

It is interesting to study the evolution of partially ex-
ploded clusters for longer times; to this end, we have per-
formed additional simulations over 10 ps. After the expan-
sion of the inner shells, due to the increase of the electronic

temperature, the energy is converted into heat through
electron-ion and ion-ion interactions. The temperature of the
cluster increases continuously, and some atoms are vapor-
ized. We can then distinguish three phases for the partial
Coulomb explosion: A first phase, of the order of 100 fs,
where electrons are ejected; a second phase, of the order of
100–1000 fs, where high-energy, charged ions are ejected
due to Coulomb explosion; and a third phase, much longer,
where low-energy atoms are vaporized. The two last phases
are illustrated in Fig. 11, where each point represents an
atom crossing an imaginary circle of radius r0=30 Å around
the cluster. We can easily distinguish two groups of points. A
first group which crosses the circle in the first 1000 fs: these
correspond to the Coulomb-ejected atoms, i.e., the first outer
shells; the observed relation E� t−2 simply reflects the fact
that more energetic ions �higher velocities� arrive at the
circle before less energetic ones �i.e., E�v2 and v=r0 / t�.
The second group of points correspond to the core atoms
which thermally vaporize starting about 3 ps after the begin-
ning of the simulation, at random times and with random
energies. These results agree with experimental observations
of laser ablation �25�.

IV. RARE-GAS CLUSTERS IRRADIATED
BY ABOVE-BAND-GAP PHOTONS

We turn now to a corresponding study of the irradiation of
rare-gas clusters by above-band-gap �short-wavelength�
pulses. Here �=1.59�1015 Hz, a tenfold increase compared
to the long-wavelength case. This frequency is above the
absorption threshold and the material is therefore no longer
transparent. The energy absorbed by the cluster varies con-
tinuously; it does not vanish at small intensities and there is
no critical intensity. Likewise, the electronic temperature var-
ies continuously. Two series of simulations were carried out,
for pulse durations of 25 and 100 fs, respectively; in both
cases the laser intensity �electric field� was varied. The re-
sults for the 100 fs pulse are presented in Fig. 12.

The ionization process here is different than for sub-band-
gap pulses: the direction of the electric field of the laser now
changes very quickly, and no field ionization is possible. The

FIG. 10. Charge of the atoms versus initial distance to the center
of the cluster at the end of the simulation �1 ps�, for a laser electric
field E=0.91�1010 V m−1 and a pulse duration of 100 fs. The
charges are averaged over time.

FIG. 11. Energy versus time of ejection of the ions, for a pulse
duration of 25 fs and a laser electric field of 0.8�1010 V m−1.
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ionization of the cluster is actually a consequence of
electron-electron collisions. Indeed, these processes thermal-
ize the electrons, which gain energy by colliding with the
nuclei; some of the highest-energy electrons can then escape
the cluster. We plot in Fig. 13 the flux of outgoing electrons
together with the electronic temperature. After the end of the
pulse, the flux decreases, since the number of electrons re-
maining in the cluster is less, and the electronic temperature
decreases.

The mechanism of explosion also differs from the long-
wavelength case. For a given level of ionization, the elec-
tronic temperature is higher for above-band-gap pulses than
for sub-band-gap pulses, as shown in Fig. 14, in particular at
small values of the charge. This result is a consequence of
the ionization process prevailing in both situations: electron-
electron collisions for short-wavelength pulses �which corre-

lates with the electronic temperature� and field ionization for
long-wavelength pulses.

As a result of the higher electron temperature, the hydro-
dynamic regime is more dominant for above-band-gap pho-
tons. This can in fact be verified in Fig. 12�a�: two regimes in
energy can be distinguished, E�0.25�1010 V m−1 and
E	0.25�1010 V m−1; these correspond to the hydrody-
namic and the Coulomb regime, respectively, whereas only
Coulomb was observable in the case of sub-band-gap
irradiation—compare Figs. 12�a� and 4�a�. In the latter case,
because the photons have lower energy, the electron tem-
perature never reaches a point where the hydrodynamic re-
gime may become important: the dynamics is exclusively
dominated by the Coulomb explosion regime.

The crossover between the two regimes is thus smoother
in the case of short-wavelength pulses, as can be observed in

Fig. 15. For low ionization levels �Q̄
0.05�, the hydrody-
namic regime is stronger for above-band-gap pulses, reduc-
ing the possibility of a partial explosion. This effect is also
visible in the distribution of ion energies: we observe that the
splitting between high and low energies is smaller than in the
long-wavelength case, and the width of the critical zone is

FIG. 12. Characteristics of the 73-atom rare-gas cluster irradi-
ated by a short-wavelength pulse, after 1 ps, as a function of elec-
tric field �i.e., laser intensity�: �a� mean ion energy �dashed line,
logarithmic scale�; �b� mean electron energy, obtained by summing
the pseudoparticle energies �dashed line, logarithmic scale�; �c� ion-
ization level, i.e., fraction of the electrons that have been ejected out
of the cluster; �d� external radius, defined as the distance from the
most distant ion to the center of the initial cluster.

FIG. 13. Flux of ejected electron and electronic temperature as a
function of time, for a 100 fs pulse and an electric field of
5.1�109 V m−1.

FIG. 14. Comparison of the electronic temperature as a function
of the mean charge for sub-band-gap �long-wavelength� pulses and
above-band-gap �short-wavelength� pulses.

FIG. 15. �Color online� Mean ion energy versus mean charge for
rare-gas clusters irradiated by 25 and 100 fs laser pulses, at the end
of the simulation, i.e., after 1 ps. Large �blue� symbols, above-band-
gap irradiation; small �red� symbols, sub-band-gap irradiation.
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also smaller. For high ionization levels �Q̄�0.05�, in con-
trast, the Coulomb explosion regime is slightly weaker for
short-wavelength irradiations. This can be understood as fol-
lows: previous to the Coulomb explosion, the hydrodynamic
expansion increases the distances between the ions, reducing
the positive electrostatic potential energy and leading to
lower final energies for the ions. Otherwise, the Coulomb
explosion regime for short-wavelength pulses is similar to
that for long-wavelength pulses; indeed, the linear relation
between mean ion energy and ion charge for each subshell is
still observed.

V. DIELECTRIC CLUSTERS IRRADIATED
BY SUB-BAND-GAP PHOTONS

The study of dielectric clusters follows along the same
lines as that for rare-gas clusters. Again here, simulations
have been carried out for 25 and 100 fs laser pulses, as well
as two cluster sizes �73 and 685 atoms�. In both cases, the
laser is circularly polarized, has a Gaussian shape in time and
a frequency of 1.59�1014 Hz, well below the threshold for
absorption, and corresponding to the long-wavelength case
for the rare-gas clusters. The results for the 100 fs simula-
tions of the 73-atom cluster as a function of laser intensity
are presented in Fig. 16.

Since the gap is here much smaller than in the rare-gas
case, we expect the threshold field for nonlinear effects to be
lower. Below 0.05�1010 V m−1, indeed, the laser irradiation
is not absorbed by the electrons. Above this value, the elec-
trons start to be excited and two regimes can be distin-
guished. First, between 0.05�1010 and 0.2�1010 V m−1, the
hydrodynamic behavior dominates, as can be judged from

the ion energy after 1 ps. This regime is characterized by a
slow increase of the energy with laser intensity. Second,
above 0.2�1010 V m−1, the ion energy increases rapidly;
this corresponds to the Coulomb explosion regime. We return
to a detailed discussion of these two regimes below.

The results are similar for a 25 fs pulse, and no partial
Coulomb explosion is observed. The energy distribution ex-
hibits no splitting at all. The absence of a partial Coulomb
explosion regime can be understood by the visual inspection
of the cluster at various times, as shown in Fig. 17. In a
dielectric material, the atoms are much more tightly bound
than in a rare gas. As a consequence, surface atoms do not
easily detach during the Coulomb explosion. Rather, the sys-
tem “releases the pressure” by a fragmentation process simi-
lar to that observed in silicon �26� and Lennard-Jones solids
�27,28� the positive space charge left behind the outgoing
electrons causes the cluster to enter a metastable state, since
the cohesion of the cluster can no longer be ensured with
such a low number of electrons and such a state of excitation.
The clusters fragment; the Coulomb potential energy is con-
verted into surface energy and kinetic energy �of the frag-
ments�. No splitting is observed in the energy distribution
because the atoms in a given fragment all have roughly the
same kinetic energy. This phenomenon may be related to the
non-thermal fragmentation of nanoparticles observed by
Link et al. �7�.

The fragmentation process can be monitored in terms of
the surface energy, which is proportional to the surface of the
cluster; this is displayed in Fig. 18. The higher the laser
intensity �and thus the ionization level�, the higher the sur-
face energy, and thus the larger the number of small clusters.
Figure 18 shows that the surface energy saturates at very
high intensities; this is because the Coulomb explosion is

FIG. 16. Characteristics of the 73-atom dielectric cluster irradi-
ated by a long-wavelength pulse, after 1 ps, as a function of electric
field �i.e., laser intensity�: �a� mean ion energy �dashed line, loga-
rithmic scale�; �b� mean electron energy, obtained by summing the
pseudoparticle energies �dashed line, logarithmic scale�; �c� ioniza-
tion level, i.e., fraction of the electrons that have been ejected out of
the cluster; �d� external radius, defined as the distance from the
most distant ion to the center of the initial cluster.

FIG. 17. �Color online� View of the 73-atom dielectric cluster
at various times, as indicated, for a 100 fs pulse, with
E=0.24�1010 V m−1.
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total—the system has fragmented into individual ions.
As in the case of rare-gas clusters, we are interested in

determining the range of laser intensities over which hydro-
dynamic expansion and Coulomb explosion operate. This
can be done by examining, again, the relation between mean
ion energy and mean ion charge, shown in Fig. 19. For high
ionization levels, we find again a quadratic relation between
mean energy and mean charge, which is the signature of the
Coulomb explosion. The crossover to the hydrodynamic re-
gime is observed around 0.04. In this regime, it appears that
the mean energy is higher for a 100 fs pulse than for a 25 fs
pulse, for the same ionization level. This is, once more, a
consequence of the higher electron temperature observed for
100 fs pulses. We conclude, again, that the hydrodynamic
regime dominates only for low ionization levels.

It can be surprising that the Coulomb explosion occurs for
such low levels of ionization in the present case, where the
weakness of the binding cannot be invoked as in the case of
rare-gas clusters. A possible explanation is as follows. In
dielectric materials, the energy gap is smaller, and the elec-
trons can more easily be freed. For a given number of ejected

electrons, the inner ionization state in the dielectric will be
higher than in the rare gas, since a large number of free
electrons will remain in the cluster. A few electrons thus
remain bound to the ions, thereby diminishing the electronic
screening and decreasing the binding forces between the
ions.

Finally, corresponding simulations have been performed
for a dielectric cluster containing 685 atoms. We find that the
threshold electric field is roughly the same as for the 73-atom
cluster. Also, the ionization level is lower, at a given laser
intensity, for the 685-atom cluster. The field ionization pro-
cess is the reason of this observation: During the irradiation
of the cluster, the electron cloud is driven by the electric field
of the laser and then oscillates with a given amplitude. This
amplitude does not depend on the cluster size. However, the
“overflow” of the electron gas out of the cluster is larger,
relatively speaking, in the smaller cluster than in the larger
cluster, and thus the ionization level is also larger.

The explosion of the 685-atom cluster occurs for ioniza-
tion levels as low as 0.01. This can be explained easily using
a scaling argument. Consider a uniformly charged solid
sphere of radius r; the total potential repulsive energy scales
as r5. Since the number of atoms n in the sphere scales as r3,
the potential energy scales as n5/3, or n2/3 per atom. In the
two-dimensional case, the total potential energy scales as r3

and the number of atoms n in the charged disc as r2, so that
the potential energy scales as �n per atom. The repulsive
energy is thus larger for larger clusters, leading to a Coulomb
explosion at lower ionization levels. Using a similar argu-
ment, one finds that the outer atoms are subject to a much
larger Coulomb force. During the Coulomb explosion re-
gime, the external shells are thus ejected as single ions, while
the core of the cluster is fragmented, in contrast with the case
of the 73-atom cluster. This is clearly visible in Fig. 20.

For the 685-atom cluster, the expansion takes much
longer than for the 73-atom clusters. Plotting the mean ion
energy, as we have done previously in order to determine the
regime of expansion, is thus irrelevant, since the energy is
not yet totally released after 800 fs, the duration of our simu-
lations. We can however examine the relation between the

FIG. 18. Surface of the cluster, which is proportional to the
surface energy, as a function of the electric field, at the end of the
simulation.

FIG. 19. �Color online� Mean ion energy as a function of the
ionization level for the 73-atom dielectric clusters, at the end of the
simulation.

FIG. 20. �Color online� View of the 685-atom cluster after
800 fs, for an electric field of 0.39�1010 V m−1 Vm and a pulse
duration of 100 fs.
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final energy of each ion versus its initial distance to the cen-
ter of the cluster, for an intermediate electric field; this is
displayed in Fig. 21. The break in the curve confirms, as
suggested earlier, that two different types of expansion are
active—fragmented explosion for the inner shells of the clus-
ter and isolated-atom Coulomb explosion for the outer
shells—and seems to indicate a concomitant action of the
hydrodynamic and Coulomb explosion regimes for interme-
diate ionizations.

VI. SUMMARY AND CONCLUDING REMARKS

We have presented a study of the Coulomb explosion of
small model clusters—two dimensional, one electron per
atom, “reasonable” interaction potentials—using a simple,
yet powerful, semiquantum model which reproduces the es-
sential features of the physical systems under consideration.
Our results are in qualitative agreement with the results re-
ported previously for rare-gas clusters; we demonstrated in
particular that Coulomb explosion is responsible for the dis-
integration of the clusters. We also discussed how the dy-
namics of clusters is affected by the wavelength of the laser,
especially ionization and electronic heating, and how the
clusters behave around the threshold laser intensity. We have
also presented an attempt to simulate Coulomb explosion in

dielectrics; our calculations reveal additional mechanism in
this case, viz., fragmentation.

Our work opens the way to further simulations in which
both Coulomb explosion and hydrodynamic expansion need
be taken into account. In particular, our model would be
useful for simulations of laser ablation, for which a part of
the irradiated surface undergoes Coulomb explosion.
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APPENDIX: ELECTRON PSEUDOPARTICLE
INTERACTIONS

The electron pseudoparticle interaction potentials men-
tioned in Sec. II B are presented below. Actually, it is more
convenient to present the forces derivating from these poten-
tials.

For the rare-gas material, the interaction force f�pseudo�r�� is
given by

f�pseudo
rg �r�� =

e2

4��0N2� r�

�r + 0.1�3

r

r + 0.45
+ 0.358

r�

�r2 + 0.01�2� .

�A1�

For the dielectric material, it is given by

f�pseudo
di �r�� = 

e2

4��0N2

r�

�r + 0.1�3 if r  3 Å,

1.549
e2

4��0N2

r�

�r2 + 0.005�2 if � 3 Å. �
�A2�

All the distances are assumed to be expressed in
angstroms.
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